We show that given two vertices of a polytope one cannot in general nd a hyperplane containing the vertices, that has two or more facets of the polytope in one closed half-space. Our result refutes a long-standing conjecture.
Introduction
In many problems concerning polyhedra (eg. Simplex algorithm) one is required to nd paths (having certain properties) between a pair of vertices. Another example (of such problems) is the following unresolved conjecture: Let v and w be any two vertices of a d-polytope P . Does the 1-skeleton of P contain a re nement of K d+1 in which v and w are d-valent 1]? For yet another example please refer 2].
One would have a powerful inductive tool for solving all such problems, if the following question had an a rmative answer: Given any two vertices v and w of a polytope P , does there exist a hyperplane containing v and w, that has at least 2 facets of P in one of its closed halfspaces? (For terminology, please refer 3].) In this paper we answer the following more general question: Given a subset of vertices of a polytope P , can one nd a hyperplane containing the chosen subset, that has two or more facets of P in one closed half-space?
The answer to the question is clear if either P is a simplex or if j W j = 1. If j W j = d, then the cutting hyperplane might be fully determined by W . Also many polytopes admit hyperplanes that intersect the relative interiors of all the facets. Hence it is not surprising that when jW j = d, the answer to our question is in the negative in general; the following example elaborates. So we restrict attention to the range 2 jW j d ? 1 . The rather surprising result we prove is that the answer to our question is in the negative in general, even when jW j = 2. However, if d = 3 or if the given polytope is simplicial the question has an a rmative answer for jW j = 2.
Results
In Theorem 1, we describe the construction of a 4-polytope P and pick a pair of vertices in P , such that no hyperplane containing the pair can have more than one facet of P in either closed half-space. For the construction we need:
Lemma 1 There exist tetrahedra T and T 0 in R 3 such that:
1. The origin is in the interior of both the tetrahedra and 2. No closed half-space whose boundary plane passes through the origin contains more than one of the eight facets of the two tetrahedra.
Proof : Note that a half-space contains a facet of a tetrahedron whenever the half-space contains three vertices of the tetrahedron. Furthermore, condition 1 ensures that no half-space whose boundary contains the origin contains all four vertices of either tetrahedron. Therefore, condition 2 is equivalent to the assertion that no closed half-space whose boundary plane passes through the origin contains 3 vertices from each tetrahedron.
We now dualize the problem. Observe that there are four nonintersecting great semicircles on the unit 2-sphere S 2 ( gure 1). They can be widened to four nonintersecting crescents which determine the eight half-spaces; each crescent is the intersection of S 2 and two half-spaces corresponding to a pair of vertices from the same tetrahedron. Any point other than the origin lying in six of the half-spaces would (when projected radially onto S 2 ) lie in two of the crescents, which is impossible, proving (b). Similarly, (a) follows from the statement that the two crescents corresponding to each tetrahedron do not intersect. 2
We use the foregoing lemma to prove Theorem 1 There is a convex 4-polytope P R 4 with vertices v and w for which no hyperplane containing v and w has more than one facet of P in either closed half-space.
Proof : Let We can counteract this negative result by restricting our attention to subclasses of polytopes. We illustrate two such instances below. By restricting our attention to 3-polytopes or to simplicial polytopes, we prove the existence of the hyperplane of Theorem 1.
Theorem 2 Let P R 3 be any convex 3-polytope; let v and w be two vertices of P . Then there is a plane H containing v and w such that at least two facets of P lie in one of the closed half-spaces of H. 
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